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348 PROBLEMS AND SOLUTIONS. 

From the last term of (1) in a similar manner 

atan- 



lim n sin -1 



n 



(B? - a 2 ) 1 ' 2 



L (B 2 - a 2 ) 1 ' 2 . 
Substituting these values in (1) and reducing 

7n = lim V = M# s - (# 2 - o 2 ) 3/2 l 

which is the result for the familiar problem of the volume cut from a sphere of radius B by 
circular cylinder of radius a when the center of the sphere is on the axis of the cylinder. 

Also solved by Paul Capron, A. W. Smith and the Peoposeb. 

401. Proposed by laenas g. weld, Pullman, III. 

Given a continuum of triangles whose sides are in arithmetical progression, the common dif- 
ference being ft: (a) The ratio of the mean value of all the triangles, the mean of whose three sides 
is not greater than in, to the area of the triangle, the mean of whose three sides is equal to /x., is 
(jt + 2ft)/3ju. Indicate the limiting values of this ratio and show that, when it is equal to 1/2, the 
triangle whose mean side is ix, is right angled. (6) The ratio of the mean value of the areas of the 
circles inscribed in all these triangles, the mean of whose three sides is not greater than /*, to that 
of the circle inscribed in the triangle, the mean of whose three sides is equal to it, has the limiting 
values 1/2 and 1/3. When the triangle whose mean side is n is right angled, the ratio in ques- 
tion is 4/9. (c) Of the circles circumscribed about these triangles the minimum has the radius 2ft. 

Solution by A. H. Wilson, Haverford College. 

Let x — ft, x, and x + h be the three sides. Then the area is 

[s(s -a)(s - b)(s - c)] 1/2 = l[Z3?(x* - 4ft 2 )] 1 ' 2 . 
The mean area of all triangles, the mean of whose three sides is not greater than n, is 

40^M) /» *^"=fc = | <>=&<* + 2ft), 

the least value of x being 2ft. 

The area of the triangle for which x = /* is 

WO" 2 - 4ft 2 )p' 2 = -^(m 2 - 4ft 2 ) 1 *. 

(a) The ratio of these two areas is (jj. + 2ft) /3/j. The limits of this ratio occur for the values 
li = 2h and n = o° , and are, respectively, 2/3 and 1/3. If the ratio is equal to 1/2, then p = 4h; 
and the sides 3/t, 4h, and 5h are those of a right triangle. 

(6) The area of the inscribed circle is 

tit 2 = vix* - 4A 2 )/12. (r = [(s -a)(s- b)(s - c)/s]'/ 2 ). 
The mean of such areas for triangles of the first class is 

mr^W) fu & - W W* = i- 6 ^+2h,- 8ft 2 ). 

The area of the circle of the second class is ir(,u 2 — 4ft 2 ) /12; and the ratio of the two areas is 
(m + 4ft)/3(ju + 2ft). The limiting values of this ratio are 1/2 and 1/3, and for the value 4/9 the 
mean side is 4ft, and the triangle is right-angled. 

(c) The area of the circumscribed triangle is irB 2 = ir(a5c) 2 /16s(s — a)(s — b) (s — c) 
= *-(a; 2 — ft 2 ) 2 /3(a; 2 — 4ft 2 ). For a minimum, equate the derivative to 0; and there results for x 
the value -\l7ft, giving a minimum. For this value of x the radius of the circumscribed circle is 2ft. 

Also solved by Elijah Swift. 



